We determine the shear viscosity and the dc electrical conductivity of interacting threedimensional Luttinger semimetals, which have a quadratic band touching point in the energy spectrum, in the hydrodynamic regime. It is well-known that when the chemical potential is right at the band touching point the long-range Coulomb interaction induces the Luttinger-Abrikosov-Beneslavskii (LAB) phase at T = 0, which is an interacting, scale-invariant, non-Fermi-liquid state of electrons. Upon combining the renormalization group analysis near the upper critical spatial dimension of four with the Boltzmann kinetic equation, we determine the universal ratio of viscosity over entropy, and the electrical dc conductivity of the system at the interacting LAB fixed point of the RG flow. The projection of the Coulomb interaction on the eigenstates of the system is found to play an important quantitative role for the scattering amplitude in the collision integral, and the so-called Auger-processes make a large numerical contribution to the inverse scattering time in the transport quantities. The obtained leading order result suggests that the universal ratio of the viscosity over entropy, when extrapolated to the physical three spatial dimensions, is above, but could be rather close to the Kovtun-Son-Starinets lower bound. arXiv:1911.06431v1 [cond-mat.str-el] 
I. INTRODUCTION
When the influence of the electron-phonon interaction and impurities can be neglected and the physics assumed to be governed by the collisions of the quasiparticles due to their mutual interactions, the universal features of the hydrodynamic regime become manifest. 1 One important transport property in this regime is the shear viscosity, which measures dissipative effects due to internal friction in the fluid. The magnitude of the shear viscosity determines whether the flow of the quasiparticles in a crystal is laminar or turbulent. The latter, for example, leads to the tendency of the system to form vortices, as is the case for the flow of the electrons and holes in graphene. 2 The true measure of viscosity is the celebrated Kovtun-Son-Starinets (KSS) ratio of the shear viscosity η and the entropy s, 3 for which the lower bound in the form
was derived for relativistic quantum system with the dynamical exponent z = 1, using the correspondence between strongly interacting quantum and classical (gravitational) field theories. It was also later shown that gravitational theories that correspond to strongly interacting quantum systems with z = 2 obey the same bound for the ratio of viscosity over entropy as defined in Eq.(1). 4 In physical terms, this lower bound can be understood from the notion that the mean free scattering path of the quasiparticles should not be smaller than their thermal length. The closer a system comes to the lower bound, the more effectively strongly interacting it is. Such strongly interacting systems with a very small ratio of η/s are therefore sometimes called "nearly perfect fluids". Of recent interest, for example, was the hydrodynamic transport in graphene, 5, 6 which is a prototypical twodimensional material with two linear energy bands cross-ing at the Fermi point. Some of the features of graphene under scrutiny were the breakdown of the Wiedemann-Franz law, 7 the small ratio η/s, 8, 9 the logarithmically diverging dc conductivity due the Coulomb interaction, 10 the negative local resistance, 2, 11 and the giant magnetodrag. 12 Further studies of the two-dimensional materials with an anisotropic band touching point (parabolic dispersion in one direction and a linear one in the perpendicular direction) found fascinating hydrodynamic transport behavior such as an anisotropy in the electrical conductivity, and a possible modification of the lower bound. 13 In this paper we extend the study of the electronic transport of systems with an energy-band-touching point in the hydrodynamic regime to the important and ubiquitous class of three-dimensional systems where two energy bands cross quadratically at the Fermi level, which we will call "Luttinger semimetals". 14 Many compounds, such as gray tin, HgTe, irridates, or half-Heuslers fall into this general class. It is well known that Coulomb electron-electron interaction in this situation is not screened, and its long-range nature causes the Luttinger semimetals to adopt the scale-invariant non-Fermi liquid ground state. 15 Here we determine the shear viscosity η and the dc electrical conductivity σ of the interacting Luttinger semimetals, and in particular, the influence of the long-range Coulomb interaction on these transport quantities in the hydrodynamic regime. We combine the renormalization group (RG) analysis in = 4 − d expansion, where d is the spatial dimension of the system, with the Boltzmann formalism for the transport. The projection of the Coulomb interaction on the eigenstates of the system is found to play an important role in the determination of the transport quantities. Furthermore, the so-called Auger-processes, i.e. scattering processes where two holes (electrons) scatter into a particle-hole state and vice versa, significantly contribute to the scattering time that enters both the conductivity and the viscosity. As a result of the somewhat long calcu-lation, presented in detail in the appendices, we find that the interacting Luttinger semimetals exhibit a power-law temperature dependence of the dc conductivity, and that the Coulomb interaction reduces the electrical conductivity from the non-interacting value. Most importantly, the universal ratio of viscosity over entropy is determined to be
This leading order result indicates that the threedimensional ( = 1) interacting Luttinger semimetals in their non-Fermi liquid ground state may also deserve to be called nearly perfect fluids, and that they are closer to the lower bound than many other strongly interacting systems. [16] [17] [18] Of course, the extension of the leading order result down to the physical case of = 1 may be questioned, as always. It will therefore be interesting to see if the formalism used here, or some alternative method such as large-N, may be pushed further to get a better estimate of this interesting universal value. The rest of the paper is organized as follows: First the Luttinger Hamiltonian and the RG-analysis of the system leading to the Luttinger-Abrikosov-Beneslavskii (LAB) fixed point value for the coupling constant is introduced in Sec. II and Sec. III. In the following Sec. IV, the Boltzmann formalism is implemented in order to determine the shear viscosity η and the electrical conductivity σ of the Luttinger semimetals. A special focus is set on the collision integral, where we demonstrate that the projection of the Coulomb interaction on the eigenstates of the system is important. The result of our calculation is presented in Sec. V and a summary can be found in Sec. VI.
II. LUTTINGER HAMILTONIAN
Luttinger semimetals have a band touching point which is protected by the symmetries of the cubic lattice (T h or O h ). 14, 19 However, in contrast to graphene and the Weyl semimetals the energy dispersion is here not linear but quadratic. The quadratic band crossing in a system with a cubic lattice symmetry is in general described by the Luttinger Hamiltonian with the three mass parameters:
where J are the three components of the j = 3/2 total angular momentum. The Luttinger Hamiltonian can be rewritten in terms of the spherical harmonics for the angular momentum of two with d a (p) = d/[2(d − 1)]p i (Λ a ) ij p i , where Λ a are the five real Gell-Mann matrices defined in the appendix, and γ a are the Dirac matrices obeying the usual Clifford algebra {γ a , γ b } = 2δ ab . For the purpose of our calculation, the Hamiltonian in the later form is more useful, since it can be easily extended to d = 4 upon rewriting the spherical harmonics and the γ-matrices in d = 4, as explained in the appendix A. 20 The resulting energy dispersion is given by:
The first term in the Luttinger Hamiltonian inversely proportional to m denotes the particle-hole and rotationally-symmetric parabolic energy dispersion, while the second and the third terms introduce particlehole and cubic symmetry breaking perturbations, respectively.
III. LAB FIXED POINT
The systems of Luttinger fermions interacting solely via long-range Coulomb interaction is described by the Lagrangian
The scalar field φ mediates the long-range Coulomb interaction 4πe 2 /q 2 , or in real space ∝ e 2 /r d−2 . The Coulomb interaction coupling constant e 2 becomes a relevant coupling at the non-interacting fixed point in d < 4 dimensions, which calls for the introduction of a small parameter = 4 − d to formulate a perturbative approach. The quantum critical phase, the so-called Luttinger-Abrikosov-Beneslavskii (LAB) phase, 15,21 is then found from the flow equation of the coupling constant
where we have introduced the dimensionless chargẽ
as the area of the sphere in d dimensions. Λ is the arbitrary momentum cutoff. The stable fixed point and the dynamical critical exponent z are then, to the leading order in
where N d denotes the degeneracy of the energy bands of the Luttinger Hamiltonian when generalized to d dimensions (N 3 = 2, N 4 = 8). The terms introducing the particle-hole and the cubic asymmetries in the Hamiltonian are known to be irrelevant at the stable fixed point 15, 21, 22 and will therefore be neglected in the following. We should mention that there is an ambiguity how to implement the RG procedure in general dimension; here we extended first the Luttinger Hamiltonian to d = 4, 15,20 performed the angular momentum integration of 4-dimensional momenta, and then implemented dimensional regularization 23 on the absolute value of the momentum p. For this reason the numbers appearing in the flow equation and the dynamical exponent differ from those in Ref. 21 , for example, where only the last step was implemented, with the angular integrals performed in d = 3.
In this work we also neglect the possible effects of the short-range components of the Coulomb interaction on the LAB fixed point, which may ultimately cause its annihilation and the replacement with the runaway flow of the RG. 24, 25 The rationale is that even if this should happen before the parameter reaches unity, there should be a large window of crossover scales at which the scaling appropriate to the LAB fixed point is still visible. In this window the characteristic power-law behavior of the viscosity and the conductivity, η ∼ T d/z and σ ∼ T (d−2)/z should be discernible. Neglecting the possible annihilation of the LAB fixed point simply means that these power-laws extend all the way to T = 0. We will assume this here for reasons of simplicity.
In order to compute the numerical constants of the above transport coefficients we next turn to the kinetic theory.
IV. BOLTZMANN FORMALISM
In order to use the kinetic theory one needs to assume that quasiparticles exist even in the LAB non-Fermi liquid, which is a valid assumption for small parameter . 1 The quasiparticles in the λ-energy band are described by the distribution function f λ , where f −,k (f +,k ) is the distribution function of holes (electrons). The distribution functions of the quasiparticles determine the transport properties of the system, since the intrabandcontribution of the electrical conductivity j α , and of the energy-stress tensor τ αβ are given by
These intraband contributions to the charge and momentum current are the ones that dominate the hydrodynamic transport regime and the interband processes (which correspond in the case of the electrical conductivity to the so-called Zitterbewegung) to the currents are neglected. The distribution function of the quasiparticles can be evaluated using the quantum Boltzmann equation. The Boltzmann equation is given by
where
is the velocity of the quasiparticles. I ee [f λ ] is the collision operator acting on the distribution function of the quasiparticles. It describes the changes of the distribution function due to scattering processes induced by an external perturbation and sets the inverse scattering time of the conductivity, σ = e 2 m nτ σ , and viscosity, η ∝ n E τ η , where n E is the energy density of the system.
A. Collision integral
The collision integral is derived using the Keldyshformalism, which relates the product of the greater (lesser) Green's function with the lesser (greater) Green's function to the collision integral, 26 
The self-energy is defined by the Born diagrams consisting of the direct and the exchange self-energy. (Further details can be found in the appendix B.) This derivation leads to the following expression for the collision integral:
which describes the scattering of two quasiparticles in the initial state k and k 1 into the final state k 2 and k 3 and vice versa. The scattering amplitude of this process is defined by the Born diagrams for the self-energy, where V (q) = 4πe 2 /|q| 2 . The functions R µρλν (k, k 1 , k 2 , k 3 ) and Q µρλν (k, k 1 , k 2 , k 3 ) project the Coulomb interaction onto the eigenstates of the system and consist of the trace over a product of 16 × 16 matrices in d = 4-dimensions. This expression of the scattering amplitude differs significantly from the scattering amplitude used by Dumitrescu in Ref. 27 , where the squared Coulomb potential, |V (q)| 2 , was assumed for the scattering amplitude and the projection onto the eigenstates of the system was not taken into account. This is the main difference between our two calculations, and also the main reason for the different numerical coefficient we eventually found.
The collision integral describes five different scattering processes. The first three intra-and inter-band scattering processes, depicted in Fig. 1 , conserve the particle and hole number. Two holes (electrons) scatter into the state of two holes (electrons) with different momenta or an electron and hole pair exchange the momentum q upon the collision process. These scattering channels correspond to the three scattering channels of graphene, where the linear energy spectrum in combination with the energy conservation only permits these processes. However, in the Luttinger semimetals due to the quadratic energy dispersion two additional scattering channels, the so-called Auger processes, are allowed. These are processes where a particle and a hole scatter and the final state are two holes or two electrons and vice versa. These processes have a large numerical contribution to the collision integral, which can be related to the inverse scattering time. Hence these additional scattering channels reduce the numerical coefficient of the corresponding transport properties.
B. Linearization
In order to determine the distribution function of the quasiparticles, the quantum Boltzmann equation is linearized by choosing the following ansatz, i.e. f λ = f (0) λ + δf λ . Thereby, the distribution function is split into a part describing the equilibrium state of the system given by the Fermi-Dirac function, f 
where the function h(k, λ) describes the coupling of the system to an external perturbation inducing the transport of the quasiparticles. In the case of the electrical conductivity σ and of the shear viscosity η, we choose the respective ansatz 28
where the external perturbations are the electrical field E α coupling to the velocity component v α λ,k , and the external velocity gradient
. Upon using this ansatz of the distribution function for the linearization, the Boltzmann equation can be cast into the matrix form, |L = I ee |h , where the left-hand side denotes the Liouville operator acting on the distribution and the right-hand side describes the collision operator acting on h. Using the Hermiticity of the collision integral with respect to its inner product, the matrix equation can be recast to the following optimazation problem, Q[h] = h, L − h|I ee |h /2 where the expression is maximized with respect to h. 
V. RESULTS
After evaluating the Boltzmann equation in d = 4 and determining the form of the distribution function, the electrical conductivity is to the leading order in given by
with the numerical coefficient
Here e 2 * = 2πẽ 2 * = 12π /(3N d + 1). The interacting Luttinger semimetal shows the modified power-law temperature dependence of the conductivity, as can be seen in Fig. 2 , and the Coulomb interaction reduces the conductivity relative to the non-interacting fixed point, as it may have been expected. This is, however, in contrast to graphene where the Coulomb interaction leads to a logarithmic divergence of the dc conductivity at small temperatures. 10 The shear viscosity to the leading order in interaction has the form
This numerical coefficient is two orders of magnitude smaller than the value claimed earlier in Ref. 27 , where the corresponding value of 3.1 was found. The main reason for this discrepancy is the different expression for the scattering amplitude, which is here not the bare Coulomb interaction, but the Coulomb interaction projected on the eigenstates of the system, while taking the direct and exchange self-energy into account. The entropy of the Luttinger semimetals has the same temperature dependence as the viscosity with
and the numerical value C s (0) = 9N d ζ(3)/(32π 2 ) in d = 4. Upon inserting the value of the fixed point defined in Eq. (7), the ratio of viscosity over entropy yields
which is the result announced in Eq. (2). The ratio is diverging for d = 4 dimension, since the system is at a non-interacting fixed point, which leads to a diverging viscosity. Setting = 1, which corresponds to d = 3, the ratio comes close to the lower bound which indicates that the LAB non-Fermi liquid is close to being a "nearly perfect fluid". However, this is the result obtained in the first-order calculation. Higher orders in , which seem here even more difficult to compute than in relativistic problems, 29, 30 might change the result significantly, and as well as in a yet unknown direction.
VI. SUMMARY
We have combined the expansion around the upper critical dimension together with the Boltzmann equation to address the shear viscosity and the electrical conductivity at the Luttinger-Abrikosov-Beneslavskii (LAB) non-Fermi liquid fixed point of the interacting electronic system with the chemical potential at the quadratic band touching point in the energy spectrum. We found the projection of the Coulomb interaction onto the eigenstates of the system to be important and to have a significant quantitative effect on the numerical values of the transport coefficients. Additional scattering processes, the so called Auger-processes, which violate conservation of the particle and hole number, are also allowed, and have been fully included. The interacting Luttinger semimetal shows a power-law temperature dependence of the dc electrical conductivity that reflects the non-trivial value of the dynamical exponent, and may, for example, be used to extract it experimentally. The ratio of viscosity over entropy was computed near four dimensions, and it was found that when the leading order result is continued to d = 3 it brings it close to, but nevertheless above, the Kovtun-Son-Starinets lower bound. The LAB non-Fermi liquid by this measure should therefore be considered as a strongly interacting "nearly perfect fluid". Some interesting open questions for future studies are the influence of impurities, which are relevant at the LAB fixed point and will modify the relaxation rate of the scattering processes, as well as the influence of a magnetic field on the transport quantities. The corresponding Hall conductivity and Hall viscosity could have a significant influence on the flow of the quasiparticles and might lead to effects such as a strong positive magnetoresistance.
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Appendix A: The system
In order to determine the transport properties of the Luttinger semimetals, we study the Hamiltonian of the form
where H 0 describes a non-interacting system with a quadratic energyband touching point and the H int the Coulomb interaction between the quasiparticles. The choice of this maximally symmetric Hamiltonian can be justified, since the additional terms in the non-interacting part of the Hamiltonian H 0 which introduce a particlehole asymmetry and the reduction of the rotational down to cubic symmetry are irrelevant at the LAB fixed point. In the following we set 2m = 1 and insert it appropriately at the end of the calculation. The functions d a (p) are the spherical harmonics for the angular momentum of two which are defined as d a (p) = d 2(d−1) p i (Λ a ) ij p i , where Λ a are the Gell-Mann matrices. In d = 3, there are 5 independent spherical harmonics with f 3 = 5, while in d = 4 the number increases to 9 with f 4 = 9. 20 In the following, the explicit form of the γ-matrices in d = 3 and d = 4, and the expression of the spherical harmonics are given. The γ-matrices obeying the Clifford-algebra are defined in d = 3 as
where σ i are the Pauli matrices. These γ-matrices can be extended to d = 4 by implementing the following procedure:
The Gell-Mann matrices in d = 4 are given by In this paper all calculations, that are performed to determine the collision integral and thus the distribution function of the quasiparticles in the Boltzmann formalism, are done in d = 4. The reason for this is that the upper critical dimension of the system is d = 4 and that the Coulomb interaction is a relevant interaction in d = 3 leading to a quantum critical phase, the LAB phase. 15, 21 In order to be able to perform a RG-analysis, the small parameter = 4 − d is introduced. For small , the existence of quasiparticles is a valid assumption. Hence, the Hamiltonian in d = 4 dimensions is given by a 16 × 16matrix and the valence-and conductance band has a degeneracy of N d=4 = 8. The Hamiltonian H 0 defined in Eq. (A1) is diagonalized by the transformation matrix P with
with k = k 2 /(2m). The matrix P (k) transforms the system into its eigenstate basis, i.e. the basis which describes the creation and annihilation of the quasiparticles in the corresponding energy band. The Green's function G and the self-energy Σ, defined over the Hamiltonian H 0 , are also diagonalized by the same transformation matrix P and we find
Appendix B: The quantum kinetic equation
Next, the Keldysh-formalism is used. The diagonal elements of the lesser and greater Green's function in the energy band basis can be related to the distribution functions of the quasiparticles by
where A(p, ω) is the spectral function which we assume here for simplicity as A(p, ω) = 2πδ(ω − p,λ ). The equation of motion for the lesser Green's function can be identified with the Boltzmann equation 26 and holds dω 2π
(B3)
In order to determine the expression of the collision integral, the expression for the lesser and greater self-energy must be found. These self-energies are defined by the Born diagrams shown in Fig. 3 and we find for the greater self-energy the expression
where V (q) = 4πe 2 /|q| 2 . To obtain the expression for the lesser self-energy, the lesser and greater Green's function need to be exchanged by each other. Hence, we obtain as expression for the collision integral the following form:
where the functions R µρλν and Q µρλν , which project the Coulomb interaction on the eigenstates of the system, are given by:
The matrix M µρ is defined as
The expression of the direct self-energy can be simplified further by identifying the term:
Here, an additional comment is appropriate in order to clarify the meaning of the Greek indices appearing in the collision integral. The Greek indices, appearing in the distribution function and the δ distribution imposing the energy-conservation, have the value of −1 or +1 and indicate the valence or conductance band of the system. The fact that these energy bands are degenerate is reflected in the Greek indices arising in R µρλν and Q µρλν . In these functions whenever the matrix element M In this section, we determine the distribution function of the quasiparticles when either an external electrical field E or an external velocity gradient is applied X αβ = ( ∂uα ∂x β + ∂u β ∂xα − 2 d δ αβ ∂ α u α ). As first step, the Boltzmann equation is linearized by choosing the following ansatz for the distribution function:
where f (0) λ = 1/(1 + exp(β˜ k,λ )) with˜ k,λ = λ k for the conductivity and˜ k,λ = λ k − k · u(x) for the viscosity. The function δf λ describes the out-of-equilibrium correction to the distribution function and is defined as:
where h(k, λ) describes the coupling of the system to the external perturbation. The exact expression of h for the viscosity and the electrical conductivity is defined in Eq. (12) and (13) . The function g(k) appearing in both ansatzes are defined as g(k) = n ψ n L
n (k 2 ), where the functions L (3) n (k 3 ) are the associated Laguerre polynomials and ψ n are coefficients weighting the different polynomials. After the linearization, the collision integral can be cast into the form:
.
Viscosity
We now focus on the evaluation of the shear viscosity of the system. We assume that the electrical field E and the magnetic field B is zero, that the distribution function is independent of the time t, and that the out-of equilibrium correction to the distribution function is given by δf λ = βf
The Boltzmann equation can be cast into the form:
We modify the Boltzmann equation further by multiplying both sides by the term I αβ (k) and by using the following symmetry properties of the collision integral
which yields the following form of the Boltzmann equation
with
The collision operator I coll [h η ] in Eq. (C6) withh η = λY k,k g(k) is self-adjoint with respect to the scalar product
Using these properties, the above Boltzmann equation can be related to a functional Q[g], so that solving Eq. (C6) can be identified with finding the stationary point of
The shear viscosity is given by the following functional Q[g]:
where K (conserving) (k, k 1 , q) describes the scattering amplitude of all collision processes that conserve the number of quasiparticles and holes. The Auger scattering processes are given by K ph→pp , K hp→pp , K pp→ph , and K pp→hp . The explicit form of the scattering amplitude that conserve the particle/hole number is
while the scattering amplitude describing the scattering process of a particle and a hole to two particles (holes) is given by:
The problem of finding the stationary point of ∂Q[g]/∂g = 0 can be translated to the following matrix equation
where L b is given by
and the collision matrix element has the form
After having determined the elements of the collision matrix and the vector L b , the coefficient ψ b which enter the distribution function are given by an inversion of the matrix equation with
The shear viscosity of Luttinger semimetals can be evaluated by the expression
(where we do not sum over the indices α and β, and α = β.) In the determination of the shear viscosity, we took the Laguerre-polynominals L
n with n ∈ {0, 1, 2, 3, 4, 5} into account and checked that the sum over n converges.
Electrical conductivity
In this section, the electrical conductivity of Luttinger semi-metals is determined. The procedure is analogous to the calculation of the viscosity. However, this time we assume that the distribution function is spatial homogeneous, i.e. f λ does not depend on the spatial coordinate, and that the distribution function is independent on the time t. The ansatz for the out-of-equilibrium distribution function is given by h σ (k, λ) = λv α k E α , where E α is the α-component of the electrical field. For the Boltzmann equation, we find the expression:
with the collision integral:
Next we introduce the function
into the Boltzmann-equation. The collision operator I coll [h σ ] withh σ = λR k,k g(k) is again self adjoint with respect to the scalar product and the following functional is found
δ( k − k1 − k−q − k1+q ) (1 + e β k 1 +q )(1 + e β k−q )(1 + e −β k )(1 + e β k 1 ) × K ph→pp (k, k 1 , q) [−R k,k1 g(k 1 ) + R k,k g(k) − R k,k1+q g(k 1 + q) − R k,k−q g(k − q)] 2 +K hp→pp (k, k 1 , q)[+R k,k1 g(k) − R k1,k1 g(k 1 ) − R k1,k−q g(k − q) − R k1,k1+q g(k 1 + q)] 2 (C25) −K pp→ph (k, k 1 , q)[−R k−q,k1 g(k 1 ) + R k−q,k−q g(k − q) − R k−q,k1+q g(k 1 + q) − R k−q,k g(k)] 2 −K pp→hp (k, k 1 , q)[−R k1,k−q g(k − q) + R k1,k1 g(k 1 ) + R k1,k g(k) + R k1,k1+q g(k 1 + q)] 2 } +β d d k (2π) d (R k,k ) 2 e βk 2 (1 + e βk 2 ) 2 g(k) .
(C26)
The intra-band scattering processes are determined by the scattering amplitude T (1) with
while the interband scattering processes that conserve the particle and hole number have the following scattering amplitude:
Similar to the calculation of the viscosity, the coefficients ψ n of the distribution function are determined by inverting the matrix equation arising from the above functional Q σ [g]. The electrical conductivity can be evaluated by using
For the result given in the paper, the Laguerre polynomials with n from 0 to 4 were taken into account.
Appendix D: Condition on the transferred momentum set by energy conversation
In this section, we elaborate further on how to evaluate the integrals. Especially, we focus on the conditions for the momenta enforced by the δ-distribution of the energy conservation. Here, we have to distinguish between the two different classes of scattering processes, namely the scattering processes that conserve the particle/hole number and those that violate it.
Let us first start with the scattering processes that conserve the particle and hole number, and focus on the intraband scattering case, since by shifting the variables the other two interband processes preserving particle/hole number can be cast into a form with the same δ function.
For the intraband scattering processes, the energy conservation is implemented by δ( k + k1 − k−q − k1+q ) , which corresponds to |k| 2 + |k 1 | 2 = |k − q| 2 + |k 1 + q| 2 . Upon using the parametrization q = 1 2 (k − k 1 ) + Q, the δ-distribution of the energy conservation can be cast into the following form
The consequence of this relation is that the momentum q which is transferred during the scattering processes between the colliding particles/holes is restricted to
whereê r is the radial unit vector in d-dimensions. Next we consider the scattering processes which do not conserve the particle and hole number, such as e − k h + k1 → e − k−q e − k1+q . The energy-conservation implies that
Again upon introducing the following parametrization for q = 1 2 (k − k 1 ) + Q, it holds:
